This note establishes estimates for lower bounds of linear forms at algebraic points of £-functions and G-functions defined over a general algebraic number field. 
0
In this note we consider linear forms in a class of ^-functions and G-functions defined over an algebraic number field, obtaining lower bounds for the linear forms at algebraic points. Usually such lower bounds for linear forms depend on the maximum of the absolute values of the coefficients of the linear forms, as in Shidlovskii [3] ; this note gives estimates that take into account the growth of each of the coefficients. There is similar work of Makarov [2] , Galochkin [1] , Vaananen [4] , the author [6] and [7] , but these papers consider ^-functions and G-functions defined over the rational numbers or over an imaginary quadratic field. We provide a generalisation of [4] , [6] and [7] to general algebraic number fields.
I should like to express my thanks to Professor A. J. van der Poorten for suggesting the problem dealt with here. (2] Linear forms in a class of ^-functions and G-functions 339 whilst K ; denotes a field conjugate to K. If a G K, we write a* = max^^^la,!, where a, G K, are the conjugates of a. Then P(z)* denotes the maximum of the absolute values of the coefficients of the polynomial P(z) and its conjugates over K.
We now define ^-functions and G-functions. Let O 1 be a constant, and a 0 , a,,... be a sequence of elements of K satisfying a* < C', I > 0 and so that there is a sequence of natural numbers 4 0 « ?i>-• • with q, < C', I ~> 0, such that q,a t G O K , 0 < / < / . Then the ^-function f(z)= fa///! 1=0 is said to belong to the class KE(C), and the (/-function g{') = 2 a,z'
1=0
is said to belong to the class KG(C). We shall consider ^-functions {/j 7 (z)} and G-functions (g, y (z)} as above, which satisfy the same defining system of differential equations 
In the sequel r ( z ) G O K (z) will be supposed to satisfy the following conditions:
.., where {d n } is a sequence of natural numbers satisfying d n <D",n = 0 , 1 , . . . , w i t h D^ 1.
Let L -2f = ,«,-, n 0 = 1, and let r,,... ,r k be positive integers satisfying r = r 0 = max(r,,...,r ife ) > 3. We denote linear forms in ^-functions by We now summarise our additional notational conventions, (i) In the case of ^-functions, £ is an algebraic number in K, such that £7X£) ^ 0, and there is a natural number a such that a£ G O K . We write
Let p denote the minimum of the orders of the zeros at z -0 of alt the functions f u (z). Finally, we define two functions
where 0 is a constant depending only on the/ y (z). (It is defined explicitly in [7] .) (ii) In the case of G-functions, u and T will be positive numbers satisfying (2) <o>(g + 2)L, r> ( g * 2 j . v and the constants E and F are given by
where the constant y Q depends only on g tj {z), the system of differential equations and L. THEOREM 
Let {f tj (z)} belong to the class K£(C).
Suppose that the f (j (z) and 1, are linearly independent over C(z) and satisfy the system of differential equations (1) . Put h'Sz'l, noting that the theorem has been proved in [7] in the case h = \. If r is the positive integer satisfying the inequality
then we have
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700027038 [4 ] Linear forms in a class of ^-functions and C-functions 2 a n d w h e n K = I, we obtain the results of [2] and [7] . THEOREM 
Let {g, y O)} belong to the class KG(C).
Suppose that the g tj {z) and 1 are linearly independent over C(z) and satisfy the system of differential equations (1) . Let q be a natural number satisfying T(l/q) ¥= 0 and also satisfying the following conditions:
TTien we have
where \ is an effectively computable constant.
From Theorem 2, when K = I, we obtain a result similar to theorems of [4] and [6] ; when K = I and «, = 1 (/ = l,...,k)
we obtain a result similar to the theorem of [1] . The proof of this lemma is similar to Lemma 2 of [7] .
Proof of Theorem 1
LEMMA 1. Let a tj (1 < i < n, 1 ^j^m,
Let (13) F 0 (z) = F(z), F r {z) = T{z)j-z F T _ x {z),
Then the system of differential equations (1) implies that use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700027038 [6] Linear forms in a class of ^-functions and G-functions 343 
(ii) For each pair (T, V) we have The proof of this lemma is similar to Lemma 5 of [7] . Indeed we need only notice that it suffices to take where 0 < /(I) < • < J(L) < L + t.
We now prove Theorem 1. As in the proof of Theorem 1 of [7] , r satisfying (5) use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700027038
(7]
Clearly 2 < w < r. As in the proof of Theorem 1 of [7] we can verify that r* > N o . According to Lemma 3, there is no loss of generality in assuming that, say [ io]
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